Despite their potential importance for understanding astrophysical jets, physically realistic exact solutions for magnetospheres around Kerr black holes have not been found, even in the force-free approximation. Instead approximate analytical solutions such as the Blandford-Znajek (split-)monopole, as well as numerical solutions, have been constructed. In this paper we consider a new approach to the analysis and construction of such magnetospheres. We consider force-free electrodynamics close to the rotation axis of a magnetosphere surrounding a Kerr black hole assuming axisymmetry. This is the region where the force-free approximation should work the best, and where the jets are located. We perform a systematic study of the asymptotic region with (split-)monopole, paraboloidal and vertical asymptotic behaviors. Imposing asymptotics similar to a (split-)monopole, we find that demanding regularity at the rotation axis and the event horizon restricts solutions of the stream equation so much that it is not possible for a solution to be continuously connected to the static (split-)monopole around the Schwarzschild black hole in the limit where the rotation goes to zero. This provides independent evidence to the issues discovered with the asymptotics of the Blandford-Znajek (split-)monopole in Ref.
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I. INTRODUCTION
Astrophysical electromagnetic jets coming out of spinning compact objects, such as pulsars and active galactic nuclei, are among the most fascinating phenomena that we observe in our universe. Despite the many observations and the advanced numerical simulations, our current understanding of the physics of astrophysical jets is incomplete. It is therefore important to construct an analytical model that, combined with detailed numerical simulations, could guide us in describing the physics of astrophysical jets and that could be used to improve our understanding of these phenomena.
In this paper we consider the magnetosphere of a spinning black hole. The magnetosphere, in concert with the plasma of an accretion disc surrounding the black hole, is responsible for the astrophysical jet. The mechanism that is thought to be responsible for the energy extraction and electromagnetic jet production from spinning black holes is the Blandford and Znajek (BZ) process [2] [3] [4] [5] . It was proposed in the context of the so-called Force Free Electrodynamics (FFE) approximation. Within this approximation, the plasma is assumed to be in equilibrium with the electromagnetic field, making it magnetically dominated, and it is moreover assumed that one can neglect the energy density of the plasma.
Despite the success in finding analytical solutions of the FFE Eqs. (3) in flat space and for the magnetosphere surrounding Schwarzschild black holes (see for example * grignani@pg.infn.it † harmark@nbi.ku.dk ‡ marta.orselli@pg.infn.it [2] ), it has proven to be highly difficult to find solutions for the case of rotating black holes. A proposal for constructing analytical solutions of FFE for Kerr magnetospheres was introduced in [2] in the limit of slow rotation by means of a perturbative expansion in the angular momentum of the black hole, assuming the solutions are stationary and axisymmetric. This was considered for the so-called (split-)monopole and paraboloidal cases. In [1] we examined the asymptotic behavior of the BlandfordZnajek (split-)monopole solution, finding that it is inconsistent with being a (split-)monopole in the asymptotic region.
The asymptotic behavior of the electromagnetic field is crucial for our understanding of the magnetosphere. Otherwise, a solution that might superficially look like a monopole close to the black hole could diverge or change into a different type of magnetosphere, with different asymptotic behavior of the field lines. Astrophysical jets have a length scale much larger than the black hole itself. Hence, one needs to have control of the behavior of the electromagnetic field also far away from the black hole. However, it seems that the asymptotic behavior of the electromagnetic field has not been sufficiently addressed in the case of the BZ (split-)monopole solution and how this affects its perturbative construction in a small rotation limit. Our work [1] was motivated by the works [6, 7] where the fourth order term in the perturbative expansion was considered and found in [6] to diverge. We found in [1] , using a matched asymptotic expansions approach, that already at second order the perturbative solution of the FFE equations does not have the appropriate asymptotic behavior for a (split-)monopole.
One of the goals of this paper is to understand why the perturbative construction of the BZ (split-)monopole arXiv:1908.07227v1 [gr-qc] 20 Aug 2019 solution fails. This we are able to address using an entirely different approach to the problem. In addition, we find that the issues for the perturbative construction of the (split-)monopole are special to that type of asymptotic behavior, and they do not persist for other types of asymptotic behaviors, such as magnetospheres with paraboloidal and vertical field lines [8] .
The new approach that we introduce in this work is to consider a perturbative expansion of the analytical solutions of the FFE equations around the rotation axis of the Kerr black hole. We assume that the solution is stationary and axisymmetric, and thus with the same rotational symmetry as the Kerr black hole. The FFE equations reduce to the so-called Stream equation for a flux function ψ along with the current I(ψ) and the angular velocity Ω(ψ) [5] . In terms of the spherical coordinates (r, θ, φ) of the Kerr-Schild coordinates for the Kerr metric we expand around the rotation axis at θ = 0. The flux function is expanded as ψ = ∞ n=1 θ 2n ψ n (r) while I(ψ) and Ω(ψ) are infinite series in powers of ψ with I(0) = 0. Given any three functions ψ 1 (r), I(ψ) and Ω(ψ), one has a solution of the Stream equation that is regular at the rotation axis. We then impose regularity at the horizon and that the solution is well-behaved in the asymptotic region. We consider three possible asymptotic behaviors: monopole, paraboloidal and vertical.
The region around the rotation axis is particularly relevant for applications to astrophysical jets for two important reasons. Firstly, assuming stationarity and axisymmetry, the jets lie in this region very close to the rotation axis of the Kerr black hole. Secondly, this is the region in which the force-free approximation should work the best. One reason for this is that the velocities of the field lines are below the speed of light close to the rotation axis, hence it is possible for the plasma to follow the field lines as it should in the FFE approximation. Moreover, it is supported by GRMHD simulations where one finds that the energy density of the plasma is low in the region around the rotation axis [9] .
An advantage of our approach is that one can consider a finite rotation parameter α = J/(GM 2 ) of the Kerr black hole with angular momentum J and mass M . For the monopole-type asymptotics, our approach with expanding the Stream-equation in powers of θ around the rotation axis yields the surprising result that ψ 1 (r) is highly constrained and in addition there are some constraints on I(ψ) and Ω(ψ) as well. In particular, assuming that ψ 1 (r) does not go to zero in the asymptotic region, one gets that there are terms that go like powers of (log r)/r which one cannot set to zero for α > 0. However, the perhaps most surprising result is that when performing an α → 0 limit there are terms which are divergent in α. This is seen by performing a systematic expansion of ψ 1 (r) at large r up to order r −11 . One of our main results is that no matter the choice of I(ψ) and Ω(ψ), there are always terms in the flux function that diverge for α → 0.
If we instead consider paraboloidal and vertical type asymptotics, we find that, in the case of paraboloidal asymptotics one has to impose that ψn(r) r n is finite for r → ∞ for all n ≥ 1, while for the case of vertical asymptotics there are no constraints that need to be imposed, meaning that any choice of the function ψ 1 (r) solves the Stream equation for vertical type asymptotics.
The results of this paper strongly suggests that we need to revisit the BZ (split-)monopole solution, since its perturbative construction fails. The (split-)monopole solution has played a very important role as a simple model for astrophysical jets. Recently, it has been used to compute the expected power output relevant for the radio loud/quiet dichotomy of active galactic nuclei [10] . Moreover, it has been used as a test case for many numerical simulations [10] [11] [12] [13] [14] [15] [16] [17] [18] . This poses the question of how to reconcile the numerical studies with the results of this paper. Finally, magnetospheres with split-monopole-like behavior of the field lines seem a good description of the Crab Pulsar, although this is a neutron star and hence our boundary conditions at the event horizon do not apply.
II. FORCE FREE ELECTRODYNAMICS AROUND KERR BLACK HOLE
We begin by reviewing the equations for FFE in the background of a Kerr black hole following the expositions in [6, 13, 19] . The metric for the Kerr black hole in KerrSchild coordinates is
Here α is proportional to the angular momentum and is in the range 0 ≤ α ≤ 1. The Kerr black hole is stationary and axisymmetric. The equations for force-free electrodynamics (FFE) are the Maxwell equations combined with conservation of the electromagnetic energy-momentum tensor,
with the condition D µ F µν = 0 and where A µ is the gauge potential and F µν the electromagnetic field strength. We assume the FFE configurations are stationary and axisymmetric around the same rotation axis as the Kerr black hole. Hence we can choose a gauge with ∂ t A µ = ∂ φ A µ = 0. The magnetic flux ψ(r, θ) and the total electric current I(r, θ) are given by
The angular velocity Ω of the magnetic field line satisfies
One can show from (3) that Ω and I are functions of ψ,
From (3) one finds furthermore the Stream equation
Moreover, the toroidal magnetic field B φ is
Finding a solution of the FFE equations corresponds to finding ψ, Ω and I that solve the integrability conditions (5) and the Stream equation (6).
III. EXPANSION NEAR ROTATION AXIS
We now expand the fields ψ, Ω and I around the rotation axis at θ = 0. We impose the physical requirement that there are no sources at the rotation axis. This means the one-form A µ should be smooth at θ = 0. In particular, this requires ψ = 0 at θ = 0. Moreover, ψ can be expanded in even powers of θ for θ → 0,
Indeed, a term with odd powers of θ, or of the form θ n (log θ) m , would mean that A µ is not a smooth one-form at θ = 0. Similarly, one finds that Ω(r, θ) and I(r, θ) can be expanded in even powers of θ. From regularity of B φ in Eq. (7) at θ = 0 we find that I = 0 at θ = 0. Using this with the integrability conditions (5) we find that Ω and I have the following expansions around θ = 0
The Stream equation (6) can be written as
Inserting the expansion (8)- (9) in this, one finds at order θ that the LHS is 8ψ 2 (r) and the RHS is an expression involving ψ 1 (r) and its derivatives, and various constant. More generally, one can show from this at higher orders in θ that ψ k (r) for k ≥ 2 is given by ψ 1 (r) and its derivatives, along with the constants ω n , i n , r 0 and α. In other words, given any function ψ 1 (r), and any choice of constants ω n , i n , r 0 and α, one has a solution of the Stream equation (6) that is regular at the rotation axis θ = 0. Below we impose regularity at the event horizon r = r + and in the asymptotic region r → ∞, which give further conditions. Notice that given a solution ψ(r, θ) one can generate a new solution by the rescaling
where is constant.
IV. HORIZON REGULARITY
At the event horizon r = r + of the Kerr black hole we demand regularity of ψ and B φ . Regularity of ψ follows from regularity of ψ 1 (r) by Eq. (10). Regularity of B φ then follows from
known as the Znajek condition [20] . At lowest order in θ this gives
Suppose we have a solution with α = 0 and i 1 = ω 0 = 0. From (13) we see that ψ 1 (r + ) = 0. It is straightforward to prove recursively using (12) that ψ n (r + ) = 0 for all n ≥ 1. Using the Stream equation (10) , order by order in θ, one can show this implies that the derivatives of ψ 1 (r) are zero at r = r + [21] . Thus, we have shown that ψ 1 (r) = 0 and thereby ψ(r, θ) = 0 at least in a region that surrounds the horizon. But this means such a solution is not physically interesting as it does not interact with the black hole, and hence we discard it.
Another case that will be relevant below is if i 1 = ±2ω 0 and ψ 1 (r + ) = 0. Combining this with Eq. (13) we find
Note that Ω H = a/(r 0 r + ) is the angular velocity of the Kerr black hole so that for θ = 0 one has
V. ASYMPTOTIC REGION
To understand a solution of the FFE equations in the background of the Kerr black hole, it is crucial that one knows the asymptotic behavior of the solution. For one thing, if one knows only the solution close to the event horizon the solution might diverge in the asymptotic region, rendering it meaningless. But also for its physical interpretation it is important. If the solution asymptotically behaves like a magnetic monopole we can interpret it as the black hole is interacting with a magnetic monopole. Moreover, knowing the asymptotic behavior of the magnetic field lines is crucial for application to the formation of astrophysical jets.
Note that it is expected that far away from the black hole the FFE approximation should break down [22] . Obviously, such a breakdown would affect the asymptotic region. We take here the attitude that we are solving a well-posed problem in the framework of FFE in the vicinity of a Kerr black hole, and that a careful analysis of this problem can be a good starting point for a more realistic model in which one can also include effects that go beyond FFE. This is further commented on in the conclusions.
We now define the types of asymptotic behaviors that we shall consider in this paper. We consider here for convenience the half of Kerr space-time defined by 0 ≤ θ < π/2. This is the part of space-time that is nearer to the rotation axis at θ = 0. We define the following three types of asymptotic behaviors of the flux function ψ
• Monopole-type asymptotics:
• Paraboloidal-type asymptotics:
• Vertical-type asymptotics:
ψ finite for r → ∞ with rθ = fixed .
We see that in all three cases we impose that the magnetic flux function ψ should be finite when following the magnetic field lines towards the asymptotic region. One can motivate these three types of asymptotics by considering the non-rotating limit of the Kerr black hole with a = 0, i.e. the Schwarzschild space-time. The monopole asymptotics generalize the asymptotic behavior of the non-rotating monopole given by
with Ω = I = 0. In this case the magnetic field lines are simply the radial curves. However, the monopole asymptotics apply as well to the Michel monopole [23] and the hyperbolic solution [8] . The paraboloidal asymptotics generalize the asymptotic behavior of the paraboloidal solution ψ = r(1 − cos θ) + r 0 (1 + cos θ)(1 − log(1 + cos θ)) . (20) This is clear from following the paraboloidal field lines for r → ∞, since the leading term for large r is ψ 1 2 rθ 2 . Finally, the vertical asymptotics generalize the asymptotic behavior of the non-rotating vertical solution
with Ω = I = 0 since for large r the flux function is ψ r 2 θ 2 when following the magnetic field lines. This also applies to the perturbative solution with vertical field lines around the Kerr black hole found in [7] .
We note that the above defined asymptotic behaviors (16)- (18) of the flux function ψ is related to the question of whether the limits θ → 0 and r → ∞ commutes. We are assuming these limits commute in the case of monopole-type asymptotics, and this is indeed also satisfied by all known solutions [2, 6, 8, 13, 19] . However, for the paraboloidal and vertical-type asymptotics, this is not the case. In particular, in the solution [7] with vertical-type asymptotics, taking r → ∞ for any nonzero θ one ends outside the light cylinder, making a subsequent θ → 0 limit problematic. Instead first taking θ → 0 and then r → ∞ one is always within the light cylinder. This shows that the two limits do not commute.
VI. MONOPOLE-TYPE ASYMPTOTICS
We consider here the case of monopole-type asymptotics (16) of the flux function. If one computes the right-hand side of the Stream equation (10) for a generic function ψ(r, θ) with asymptotics (16) then it goes like r 2 for large r due to the terms
in the last line of (10) . This is at odds with the left-hand side which is finite for r → ∞. 
This is derived in [1] . However, while this is necessary, it is not a sufficient condition for the terms (22) being finite for r → ∞. Hence, one needs to impose further conditions on the functions ψ, I and Ω that go beyond the leading asymptotic parts ψ ∞ , I ∞ and Ω ∞ .
A. Angular expansion
We now analyze the consequences of the necessary conditions for having a monopole-type asymptotics (16) for a solution of the Stream equation (10) that is expanded in θ around the rotation axis at θ = 0.
Assuming the angular expansion (8) with the monopole-type asymptotics (16), we need to impose ψ n (r) finite for r → ∞ ,
for all n ≥ 1. In particular for ψ 1 (r) we write
for large r where we require f n (r)/r → 0 for r → ∞.
For generic choices of ψ 1 (r), ω n , i n , r 0 and α one sees from the last line of Eq. (10) 
for large r with c n,k (r)/r → 0 for r → ∞ and n ≥ 1.
To obey (24) we should thus ensure that c n,j = 0 for j = −2n, ..., −1 and that c n,0 is finite for r → ∞. The sufficient conditions for monopole-type asymptotics (16) are therefore
These conditions are sufficient since it is clear that c 2,−4 = 0 if we have c 1,−2 = 0, and so forth.
B. Starting point for analysis
In the following we assume α = 0 corresponding to the Kerr black hole.
If one starts with f 0 = 0 it is straightforward to see that the Stream equation (10) combined with the conditions (27) on the asymptotic behavior lead to f n (r) = 0 for n ≥ 1. Hence this corresponds to a trivial solution. Considering instead f 0 = 0 and ω 0 = 0 one gets from c 1,−2 = 0 that i 1 = 0. Hence, as shown above, horizon regularity implies that this is a trivial solution as well.
We are thus led to consider solutions with f 0 = 0 and ω 0 = 0 .
Below we set f 0 = 1 since we can use the rescaling symmetry (11) to set f 0 = 1 without loss of generality.
C. Solving for monopole-type asymptotics
We consider here in detail the first few orders in the expansion in θ.
Using the Stream equation (10) we compute for ψ 2 (r)
Imposing (27) for n = 1 thus gives i 1 = ±2ω 0 . This corresponds to the θ 2 contribution in Eq. (23) when one expands that equation for θ → 0. We choose here the solution
since this is compatible with (14) (one can get the solution with the other choice of sign by making the replacement i k → −i k in all expressions). Thus, we have chosen the plus sign in Eq. (23) . With this, we find
Using the Stream equation (10) we compute for ψ 3 (r)
This can alternatively be obtained from (23) at order θ 4 . Using Eq. (31) and solving c 2,−2 = 0 for i 2 we get
We compute now
where we used Eq. (31) and
Note now that c 2,−1 = 0 is an ordinary differential equation (ODE) for f 1 (r). The general solution of this is
with integration constants b 1 and b 2 . Since f 1 /r should go to zero for r → ∞ we find b 2 = 0. Thus,
where Υ is an undetermined constant. At this point we have determined c 1,0 , c 1,1 and f 1 in terms of α, ω 0 and Υ . We now turn to (27) for n = 3. Using the Stream equation (10) we compute
where we used (30), (31) and (33). This can alternatively be obtained from (23) at order θ 6 . Notice that Eq. (38) means that requiring c 3,−2 = 0 implies 
The equation c 3,−2 = 0 is an ODE for f 2 (r). The solution is 
In addition there is a homogenous piece of the form b 1 r + b 2 r 8 which is required to be zero in order to have f 2 /r → 0 for r → ∞.
We have now determined f 1 , f 2 , c 1,0 , c 1,1 , c 1,2 and c 2,0 . Inserting these known functions into c 3,−1 computed from the Stream equation (10) we get
We use now the Stream equation (10) 
In addition there is a homogenous piece b 1 r 2 + b 2 r 9 that one should set to zero to have f 3 /r → 0 for r → ∞. We have now determined f 1 , f 2 , f 3 , c 1,0 , c 1,1 , c 1,2 , c 1,3 , c 2,0 and c 2,1 .
One can continue in this way solving systematically for the functions f k and c n,j . The next step is to solve for c 3,0 , c 2,2 , c 1,4 and f 4 and subsequently c 3,1 , c 2,3 , c 1,5 and f 5 . One can continue this iteratively, solving c n,0 , c n−1,2 , c n−2,4 ,..., c 2,2n−2 and f 2n−2 and subsequently c n,1 , c n−1,3 , c n−2,5 ,..., c 2,2n−1 and f 2n−1 . In all cases one ends up with a ODE for f k that one can solve. The general form of the solution is
Here the coefficients f n,j are specific functions of α, Υ , ω k and i k for k ≥ 0. Note that the homogenous piece is of the form b 1 r n−1 + b 2 r n+6 so for n ≥ 2 we need this to be zero to have f n (r)/r → 0 for r → ∞. Note also that
This is the only coefficient in the homogenous part of the ODE's for the f k (r) functions that can be non-zero. One can read off more f n,j coefficients from the explicit solutions (37), (40) and (42). We have used the iterative procedure explained above to solve for f 1 (r), f 2 (r), ..., f 11 (r) in terms of α, Υ , ω k and i k for k ≥ 0. The expressions for these are recorded in Mathematica files that we can send upon request. With this, we have imposed the correct asymptotics on ψ 2 (r), ..., ψ 8 (r).
While we have not found a general solution for the functions f n (r) we noticed a simple expression for the coefficients of the highest powers of the logarithms f n,n = (n + 1)
It would be highly interesting if one could use this as an alternative starting point for a recursive procedure. We noticed the following general feature for the f n,j coefficients. For ω 0 → 0 the leading term of f n,j behaves as
where [ n 2 ] is the integer part of n 2 . We note also that f n,j has an overall factor of α j . These observations we shall use below.
Imposing in addition regularity on the event horizon one gets (14) (assuming ψ 1 (r + ) = 0) stating that ω 0 is half the angular velocity of the Kerr black hole
Using the above results one has a large family of solutions to the Stream equation (6) parametrized by α, Υ , ω k and i k+2 for k ≥ 1. These solutions are regular at the rotating axis θ = 0 and obey the monopole-type asymptotics (16) . However, for a given such solution, it is not clear how it will behave if one approaches the event horizon. While the necessary condition (47) is obeyed (assuming ψ 1 (r + ) = 0) for horizon regularity, this is not sufficient to ensure regularity at the horizon. Thus, what we have is a large family of solutions with regularity at θ → 0 and r → ∞, but not necessarily at r → r + .
D. Taking the limit α → 0
We now consider what happens in the limit α → 0. The question here is whether one can connect to a solution of the Stream equation in the background of a Schwarzschild black hole in this limit.
We see from (47) that ω 0 goes like α for α → 0. Using now (46) together with the fact that f n,j has an overall factor of α j in its explicit expression, we see that without fixing any of the parameters Υ , ω k and i k+2 for k ≥ 1, we have that the leading term of f n,j in the α → 0 limit goes like
We now expand the parameters f 1,0 , ω k and i k+2 for k ≥ 1 in powers of α. We can parametrize this as
From (48) we see that f 2,0 ∼ α −3 . This means that there are three equations for the α-expanded parameters that one needs to satisfy to avoid that f 2,0 diverges for α → 0. One could also consider f 11,0 ∼ α −15 giving 15 equations to satisfy. Considering in this way all the potentially divergent terms in f n,j for n = 0, 1, ..., 11 we see from (48) that one has in total 191 equations that need to be satisfied.
One 
These two polynomials do not have any common roots. Hence it is not possible to satisfy both these equations. The conclusion we can draw from the above consideration is quite powerful. Suppose we are given a nontrivial smooth solution ψ(r, θ) of the Stream equation (6) obeying the monopole-type asymptotic (16) and with ψ 1 (r + ) = 0. Then it is impossible to connect that solution to any of the solutions of the Stream equation (6) in the background of the Schwarzschild black hole (i.e. the α = 0 case). Thus, none of the known α = 0 solutions of the Stream equation (6) with monopole-type asymptotics can be generalized to be solutions in the background of the Kerr black hole.
In particular, it is clear that it is not possible to generalize the static monopole solution (19) in the background of the Schwarzschild black hole, to a rotating monopole solution in the background of the Kerr black hole. Thus, in this sense, the Blandford-Znajek monopole [2] , defined perturbatively for small α as a solution of the Stream equation that should reduce to the static monopole for α = 0, is not a sensible solution since it does not have monopole-type asymptotic behavior (16) . This confirms the result of the paper [1] . Furthermore, also the perturbative construction of the hyperbolic solution of [8] fails as well.
VII. PARABOLOIDAL-TYPE ASYMPTOTICS
We switch now to the case of paraboloidal-type asymptotics (17) of the flux function.
Consider first the left-hand side of the Stream equation (10) . It is not difficult to see that ∂ θ (θ −1 ∂ θ ψ) goes like r 3/2 in the limit (17) . Turning to the right-hand side of Eq. (10), the most divergent terms are written in Eq. (22) . The first term in (22) is for large r
where we defined
which is finite in the limit (17) . Thus, this term is more divergent than the left-hand side of Eq. (10). Considering the second term in (22) we see that (r 2 + a 2 )(−Ω)∂ r ( √ −gF tr ) goes like r 3/2 while
We need that all the terms of order r 5/2 on the right-hand side of the Stream equation (10) cancel out. Hence, a necessary condition for having paraboloidal-type asymptotics is that
where ψ ∞ (η), Ω ∞ (η) and I ∞ (η) correspond to the asymptotic limits of ψ, Ω and I in the limit (17) . If we define a new variable γ by
we can rewrite (55) as
Compute now
Integrating this equation we get ( dψ∞ dγ ) 2 = I 2 using the boundary condition that I ∞ → 0 for η → 0. Therefore, we get
This is a necessary condition for having paraboloidal-type asymptotics (17) . Assuming the angular expansion (8) for flux functions ψ with paraboloidal-type asymptotics (17) we see that we need to impose ψ n (r) r n finite for r → ∞
for all n ≥ 1. One can check that this is satisfied provided (59). Thus, for the paraboloidal case it is sufficient to impose the condition (59) on the asymptotic values of ψ, Ω and I. Hence, one does not get conditions on the subleading terms like for the case of monopole asymptotics.
VIII. VERTICAL-TYPE ASYMPTOTICS
We turn finally to the case of vertical-type asymptotics (18) of the flux function. Considering the lefthand side of the Stream equation (10) one can see that ∂ θ (θ −1 ∂ θ ψ) goes like r 3 in the limit (18) . Considering now all the terms on the right-hand side, including the ones of Eq. (22) , one can check that they all go like r 3 . Thus, the Stream equation is consistent with the verticaltype asymptotics (18) of the flux function without the need of imposing any further conditions in the asymptotic region. Considering the angular expansion (8) for flux functions ψ with vertical-type asymptotics (18) we see it is equivalent to imposing ψ n (r) r 2n finite for r → ∞
for all n ≥ 1. One can readily check that this is always true given any function ψ 1 (r).
IX. CONCLUSION AND OUTLOOK
In this paper we have considered an expansion of solutions of the Stream equation (6) around the rotation axis at θ = 0 in the background of the Kerr black hole. This has enabled us to consider general features of solutions of the Stream equation for finite rotation parameter α of the Kerr black hole. Most importantly, we have analyzed solutions with monopole-type asymptotics (16) for finite α, with the following main results:
• We find that one has terms of the type
in the flux function ψ that cannot be set to zero when requiring monopole-type asymptotics. These terms will induce similar non-zero terms at higher orders in θ.
• In the α → 0 limit we find that any choice of solution of the Stream equation will diverge in negative powers of α. Thus, it is not possible for any solution of the Stream equation with α non-zero that is regular at the horizon, at the rotation axis, and that obeys monopole-type asymptotics (16) to be connected to a solution of the Stream equation at α = 0. This means that the perturbative construction of the Blandford-Znajek (split-)monopole is not possible, as it cannot be well-behaved asymptotically.
We note that the above results assume that ψ 1 (r + ) is non-zero. We have also analyzed the conditions on the flux function ψ in the case of paraboloidal and vertical-type asymptotics. For paraboloidal-type asymptotics (17) one has to impose the condition (59) on the asymptotic values of ψ, Ω and I. Instead for vertical-type asymptotics (18) there are no requirements on the flux function.
Our results puts into question the understanding of the Blandford-Znajek (split-)monopole solution that has been used as an important analytical guide to the study of jet-physics for black holes since it was proposed in [2] . This is important to clear up, as the Blandford-Znajek (split-)monopole is used as a primary example of how one can have a magnetosphere around the Kerr black hole, and to demonstrate the power output of the black holes in a simple model (see for instance [10] ). Moreover, it is important to understand how it is possible to find the Blandford-Znajek (split-)monopole solution numerically, when it does not make sense analytically. It would be highly interesting to understand how to reconcile this. As explained in the introduction, computing the power output for the split-monopole case has been important for the understanding of the radio loud/quiet dichotomy of active galactic nuclei [10] . A possible explanation of some of the discrepancy between numerical and analytical results is that the most advanced numerical simulations include magnetohydrodynamics and thus go beyond force-free electrodynamics. While it seems that force-free electrodynamics should be valid near the rotation axis to a good approximation, it is conceivable that small deviations from force-free electrodynamics could change the boundary conditions at the horizon and/or asymptotically sufficiently in order for a modified version of the Blandford-Znajek (split-)monopole solution to be possible. This is something we would like to pursue in the future.
In this paper we considered what happens in the limit α = J/(GM 2 ) → 0. There is however another interesting limit to explore. This is the limit α → 1, where the Kerr black hole is spinning close to extremality [24] . This is important also in view of the fact that actual astrophysical black holes giving rise to electromagnetic jets are supposed to be rotating very fast, close to extremality [9] . Examining this limit using the approach of this paper could provide important feedback when comparing the analytical results with numerical simulations. The Stream equation for the near horizon geometry of extremal Kerr magnetosphere, the so-called NHEK geometry, has received considerable attention in the literature [25] [26] [27] [28] and it would be interesting to study the solutions found in the NHEK geometry using our small θ expansion. In fact, FFE exact solutions in the NHEK limit can be very important as starting points for a perturbative expansion around extremality in the same spirit as FFE exact solutions in a Schwarzschild background, such as the split-monopole, have been used as starting point for an expansion in small α, i.e. small angular momentum [2] . However, note that the highest possible spin of astrophysical black holes has been estimated to be around α = 0.998 using thin accretion disks models [29] . Therefore, the exact α = 1 NHEK magnetosphere solutions might not suffice even for an approximate description. In [30] it was considered another limit to go near the horizon in a non-extremal case, to obtain the so called near-NHEK geometry, where the spinning parameter α is near 1, but not exactly 1. This geometry should describe black holes near extremality, like the spinning black holes that give rise to the most energetic astrophysical jets. This is another interesting avenue to pursue using our new approach.
